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Direction of Arrival (DOA) Estimation Using
Kronecker Subspace

Sina Majidian® & Farzan Haddadi

School of Electrical Engineering, Iran University of Science and Technology (IUST),
Tehran, Iran
Abstract

This paper proceeds directions of arrival (DOA) estimation by a linear array. These years, some algorithms,
e.g. Khatri-Rao approach, Nested array, Dynamic array have been proposed for estimating more DOAs than
sensors. These algorithms can merely estimate uncorrelated sources. For Khatri-Rao approach, this is due to
the fact that Khatri-Rao product discard the non-diagonal entries of the correlation matrix in opposed to
Kronecker product. In this article, an algorithm named as Direction of Arrival (DOA) Estimation using
Kronecker Subspace is proposed to solve more correlated sources than sensors via some properties of
vectorization operator and Kronecker product. The simulations in different scenarios are presented
considering various numbers of frames and correlation values, here. These verify our mathematical analysis.
Furthermore, Cramer-Rao bound (CRB) which is a crucial criterion to estimate, is under investigating for
DOA problem. Although, CRB for DOA estimation has been proposed before, it is applicable only for fewer
sources than sensors. In this paper, CRB for more sources than sensor is derived by extending the dimensions
with using both real and imaginary parts of the parameters. This bound is compared to the error of the
presented algorithm. The simulations show that the error of the presented algorithm is merely 7 dB far from
the CRB.

Keywords: Array signal processing, Direction of Arrival (DOA), Correlated sources, Kronecker.
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(Figure-2): DOA estimation of correlated sources using Khatri-
Rao algorithm with array of three elements.
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(Figure-3): DOA estimation of correlated sources using MUSIC
algorithm with array of three elements.
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5 0 ={10°,35°,60°, 85}k > ;5 s Ll
3 Al ols b gy ate 4w bt SIS, 4l S,
0.9 o, bl o w50 min 90 4 (g 5bds Mg 3
o2 0.8 o 2 b p)loz 5 po—w gte uizmon
odiz sl slagty )5l 5l ookl b Cgr (s 2Sl oo
plosl ol i ,o8l izmen 5 (S, 55 5 Sej90)
5 =38 Bolay JLSKw & yeods e el 00l
JSSNR = 10dB by s sl sis & j50 & dgi rizmad
s oy piyesdl ciel Tl jo el oad a5 ks
sl 00 03,51 (F) 5 (V) US55 o s S5 e
00 oy (F) S5 50 (ool o )o8)l oo (yizman

¥O ol ) 6yled 1FAY JLu

&



)ﬁg)fsbas»))loéLmnlbeLuhupM

&

g5k an Uas (Socen (1381 Ly 530,655 g Ll
Sy os= oL (g, 5 9l o Liali8l loa 13
Ghgy o aS Cel acde pla ol eo e e
(S il 58 sloalys 535

[= e -Kronecker |
— # -Khatri-Roa ||

-

RMSE
\
L

eI b dus Lo ) (g3l w2 5ol s :(P- JSCd)
&b (Swrod cun> 2 9il5 5 55

(Figure-6): Error comparison of proposed algorithm with
Khatri-rao algorithm in terms of correlation of sources.

@iy o555 0 Shos & bgyje 21 (gjlodrds
el o8 Sed ez G655 oSl L alie o
Jsbo L SNR=10dB 5 005 diaranls 45 solio gz ol
o oo)j'l (V) JSs j0 4 oud a8 )5 (a5 10 G 0,8
e b S il b i, 59 58 sl 2
Wbl o b olws a5 _slSim Lol 1355 o o alie Sz
ool U e e soleiing p2e,sS)
Sy S, b anlie ;5 (5705 sl (55,5 slad
Gt 0 ,Sdae ol 605 hg, b pe,® olaws b Ll o ls
S 1 By s 5 g, o el e oy (0
2l 2R sl (Serer il (e lla>
Golpiion by, 5o &5 Jyo @aiislds mlie  Siwcenl
RUVW PR WA DV

Khatri-Roa
— — — Kronecker
T
2
g
=
g
i
==
****** R
: i6 0 2

]
Frame Number

w3951 b s Lo 0 (63t ot 5951 (gllas (V= JSCi)

w2 et cams 1 9l (655
(Figure-7): Error comparison of proposed algorithm with
Khatri-rao algorithm in terms of frame number

Yo 2o o)kl ivay Jlo

&

3oslaiul b avie Cqz ues) oadddl )] 0,53l

) ded gite Sz ez el idlys (SS9 )5 L 5

oS Lo o ((F) JS—2) 0y e (oS a5 L
sl |y ollyy i cnion slapi ,6X!

Cige g, 5l eolaiwl b gl Ao alsl [

e oSl i el oad Lol JLaaSy slaws 4 o) S

OIS b g dmmlne (sl w258l 512 (RMSE) s>

A deles anslie ol el S

Eil

Lzt 2 CRB

RMSE (dB)

" SNR(08)
&L sy 95153015 (3135 b e glas dunns Lo 1(B- JSD)
&l S L 6 ={10°,35°,60°, 85}l 30 diwsod

6)““4““

(Figure-5): Comparison of error estimation with Cramer-Rao
bound for correlated sources with array of three elements.

$hrelS OS5 9 RMSE (e avlie (0) S 0
el 00l gusy, @ = {10°,35°,60°, 85} loz Lo 5l
0.3 50.8 im0 dy dccod 90190 mlio (giluans oyl yo
0SS s oy atlie ol o a5 o les aiil o
Slad I iy daod mlie S oo Sln (oo o5l
ey O g0 0 aS job ylen 09 oauid &l paie
Ded S0 ¢l el S 1S 4 7dBU aly soleain
Olree 51 ey 2 am bom o o (3lmad
0095 9 =l 5 (b 93— @l (o
0 =0l 0 dnod e [l Cnl solpaiy
3,lg (6 maie 4w 4_.:.|)T S— ,— {10°,35°,60°85°}
sl 0 4_..9; J_]n.u )é SNR=10dB AJHLrA
oy (F) JSi o @L:.a Y S R 2 )|¢5_o$
“'\_'SLTA )_M.u 0.9 L5 0.01 )‘ M Sl sod
LgQLQA_.W p.u)5_i” Lgl-’a} “)5_“)&5@ 00 d)#uLo-m

1
Root mean square error



degrees of freedom,” IEEE Trans. Signal Process.,
vol. 58, no. 8, pp. 41674181, Aug. 2010.

[5] P.P. Vaidyanathan and P. Pal, “Sparse sensing with
co-prime samplers and arrays,” I[EEE Trans. Signal
Process., vol. 59, no. 2, pp. 573-586, Feb. 2011.

[6] D. Ariananda and G. Leus, “Direction of arrival
estimation for more correlated sources than active
sensors,” Signal Process. (Elsevier), Vol.93, pp.
3435-3448, Dec. 2013.

[71 S. M. Kay, Fundamentals of Statistical Signal
processing: Estimation Theory, Prentice Hall.
1993.

[8] P. Stoica, A. Nehorai, “Performance study of
conditional and unconditional direction-of-arrival
estimation,” IEEE Trans. Acoust., Speech, Signal
Process, vol. 38, n0.10, pp. 1783-1795, Oct 1990.

[9] P. Stoica, E.G. Larsson, A.B. Gershman, “The
stochastic CRB for array processing: a textbook
derivation,” IEEE Signal Process. Lett. , vol.8, no.
5, pp- 148-150, May 2001.

[10] R. Schmidt, “Multiple Emitter Location and
Signal Parameter Estimation,” [EEE Trans.
Antennas Propag., vol. AP-34, No. 3, pp. 276-
280, Mar. 1986.

[11] A. Roger, R. Charles, Topics in Matrix Analysis,
Cambridge University Press, 1991.

[12] Y. I. Abramovich, N. K. Spencer, and A. Y.
Gorokhov, “DOA estimation for noninteger
linear Arrays with More Uncorrelated Sources
than Sensors,” IEEE Trans. Signal Process., vol.
48, pp. 943-955, Apr. 2000.

[13] P. Chevalier, A. Ferreol, and L. Albera, “High-
resolution direction finding from higher order
statistics: The 2q-MUSIC algorithm,” [EEE
Trans. Signal Process., vol. 54, pp. 2986-2997,
Aug. 2006.

[14] P. Chevalier, L. Albera, A. Ferreol, and P. Comon,
“On the virtual array concept for higher order
array processing,” IEEE Trans. Signal Process.,
vol. 53, pp. 1254-1271, Apr. 2005

[15] Z. Chen, G, Gokeda, Y. Yu, Introduction to
Direction-of-Arrival Estimation, Artech House
press., 2010.

[16] D. Johnson, D. Dudgeon, “Array signal
processing, Concepts and Techniques,” Prentice
Hall, 1993

Wl gl oLl (VYA BT s g LS 0 VY]

sleolw | 9 BSS S 4y oo Bl laes (o (Jgo

S il ol @) (sl S JUS o slo S
OHY-Ff (\ ) Y laocols 9 njy.c w)L})J (SOFE

[17] MH. Kahaei, V. Khanagha, “Localization of
Multiple Speakers in Echoic Environments Using

S5 i -F
Ele g (eSS (g dindn 350 4 Il dllie (ol yo
alis Jow sl oy asls y oyl 51 glaul,T 5l oolal b
ahl oy cnl 5o Ghsy Geidshie Olsiear Sojse b9 9
e 6o|m @ c.:\L;A S (e x5 4 aJlis u;‘ RO PR
o9y sekate s el 4l plaxsl wl)] pate olaas )l
Ot b oy 0] calre g bl ol en 4 gl g 15
paie dlass 1 s olawd 4 Sy eSS (g, (nl Coje
35 50 Gl ol e e Grizeen g 00s ]
Alie pl jo eaddll w6 cnl aiinn mlie g
al)] pobe slaws 5l iy gliwaes gl slows Wlg o
oz U5 ey slopiessS 8 s 3 (as
3550 o5l al ST 1S allie (l )0 yimmen aiilnd (g ,Slas
JLM:)Q ls.:e.u.u‘ Ja.wa.a od.wdj‘)l U‘)S | w;)l)s )
Wil oyl polie olows 5l i alio olass 8y Y-
olagl 5 5l oolaznl b allie ol ogs anlgse avwlxs B
FhrelS OS alne 4 3390 (9090 5 (i 4 Laools
iyl gl dglio uzes ol oadol Ll o
w55 AT s s plomil gl eSS b oadasl)|
aily S5g,5 slad g sl eolaiul b molie Cpz paess
0,930 8 ,See ] pogdle .09 o835 )5 4 7dB b el
o5 e ol b e 5 Vb (Sen )3 s3leiiny
G Cad 55 b Ul 1 Sl a0l )

Byl e dbm:q.)jill

7- References &=l =Y

[1] H. Krim and M. Viberg, “Two decades of array
signal processing research, the parametric
approach,” IEEE Signal Process. Mag., pp. 67-94,
Jul. 1996.

[2] L. Fulai, et al., “Spatial Differencing Method for
DOA Estimation Under the Coexistence of Both
Uncorrelated and Coherent Signals,” IEEE Trans.
Antennas Propag, vol. 60, no. 4, pp. 2052-2062;
April 2012.

[3] W. K. Ma, T. H. Hsieh, and C. Y. Chi, “DOA
Estimation of Quasi-Stationary Signals With Less
Sensors Than Sources and Unknown Spatial Noise
Covariance: A Khatri—-Rao Subspace Approach,”
IEEE Trans. Signal Process., vol. 58, no. 4, pp.
2168-2180, Apr. 2010.

[4] P. Pal and P.P. Vaidyanathan, “Nested arrays: A
novel approach to array processing with enhanced

¥O ol ) 6yled 1FAY JLu

&



)S.‘,)S‘sbas)a))lo.)LmnlbévLu._upM

Yo 2o o)kl ivay Jlo

BSS and Speech Features for Solution of Global
Permutation Ambiguity” JSDP 7 (1) :53-64, .
2010.

5 b5 Spae plaazme Lo
oisls 3l cud gy 1y 095wl )| sl IS
g pde oBiile 5 (YYWAY) St dp—s
i Ay 0 (\WAY) ) Caio
w5l ol 0,8 33 Ol ploee — Gy
Sl Glpl Canog ple oBiils jo 12 S gemisls VYAY
5 Syl JU il el BVl 550 s s

el (S5l g5l90) Sogss slrosls yisls
5l el @ylee L) asbll, Slas
s_majidian@yahoo.com

21y 053 Dleaxs golus oyl 8 pss
VAT YA el Jlo 5 e iy 12 ST
[PCENEIRCH I ESPTERJENRL 7V N
Y RN U] PP VR PR TR L W
ole oEails ole Sla gie Caaw 0 VYA o 5l L]
W Rg5 5 ey & Jei—te (lpl e o
P ‘)‘))"i‘JZ djfu»o QL‘M—" adle 3,90 ‘5«4_«4_7.: 6L®w)
! Lg)LaT JLS.,_,.,.; u"’)b)"
3l el S ke oLl Al s
farzanhaddadi@iust.ac.ir






