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Semi-Supervised Ensemble p-Laplacian Spectral
Clustering for High Dimensional Data

Sedighe Safari, Fatemeh Afsari*
Department of Computer Engineering, Faculty of Engineering,
Shahid Bahonar University of Kerman, Kerman, Iran.

Abstract

Due to information increasing and the detailed analysis of them, the clustering problems that detect the hidden
patterns lie in the data, are still of a great importance. On the other hand, clustering of high-dimensional data
using previous traditional methods has many limitations. In this study, a semi-supervised ensemble clustering
method is proposed for a set of high-dimensional medical data. In the proposed method of this study, little
information is available as prior knowledge using the information on similarity or dissimilarity (as a number of
pairwise constraints). Initially, using the transitive property, we generalize the pairwise constraints to all data.
Then, we divide the feature space into a number of sub-spaces, and to find the optimal clustering solution, the
feature space is divided into an unequal number of sub-spaces randomly. A semi-supervised spectral clustering
based on the p-Laplacian graph is performed at each sub-space independently. Specifically, to increase the
accuracy of spectral clustering, we have used the spectral clustering method based on the p-Laplacian graph.
The p-Laplacian graph is a nonlinear generalization of the Laplacian graph. The results of any clustering
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solutions are compared with the pairwise constraints and according to the level of matching, a degree of
confidence is assigned to each clustering solution. Based on these degrees of confidence, an ensemble
adjacency matrix is formed, which is the result of considering the results of all clustering solutions for each
sub-space. This ensemble adjacency matrix is used in the final spectral clustering algorithm to find the
clustering solution of the whole sub-space. Since the sub-spaces are generated randomly with an unequal
number of features, clustering results are strongly influenced by different initial values. Therefore, it is
necessary to find the optimal sub-space set. To this end, a search algorithm is designed to find the optimal sub-
space set. The search process is initialized by forming several sets (we call each set an environment) consisting
of several numbers of sub-spaces. An optimal environment is the one that has the best clustering results. The
search algorithm utilized three search operators to find the optimal environment. The search operators search
all the environments and the consequent sub-spaces both locally and globally. These operators combine two
environments and/or replace an environment with a newly generated one. Each search operator tries to find the
best possible environment in the entire search space or in a local space.

We evaluate the performance of our proposed clustering schema on 20 cancer gene datasets. The normalized
mutual information (NMI) criterion and the adjusted rand index (ARI) are used to evaluate the performance
evaluation. We first examine the effect of a different number of pairwise constraints. As expected, with
increasing the number of pairwise constraints, the efficiency of the proposed method also increases. For
example, the NMI value increases from 0.6 to 0.9 on the Khan-2001 dataset, when the number of pairwise
constraints increases from 20 to 100. More number of pairwise constraints means more information is
available, which helps to improve the performance of the clustering algorithm. Furthermore, we examine the
effect of the number of random subspaces. It is observed that increasing the number of random subspaces has a
positive effect on clustering performance with respect to the NMI value. In most datasets, when the number of
sub-spaces reaches 20, the performance of the proposed method does not change much and is stable.
Examining the effect of sampling rate for random subspace generation shows that the proposed method has the
best performance in most cancer datasets, such as Armstrong-2002-v3, and Bredel-2005 datasets, when the
random subspace generation rate is 0.5, and by deviating the rate from 0.5, the level of satisfaction decreases.
Then, the results of the proposed idea are compared with the results of the method proposed in the reference
[22] according to ARI and we see that our proposed method has performed better in 12 data sets out of 20 data
sets than the method proposed in the reference [22]. Finally, the proposed idea is compared with some metric
learning approaches with respect to NMI. We have observed that the proposed method obtained the best results
compared to other compared methods on 11 datasets out of 20 datasets. It also achieved the second-best result
on 6 out of 20 datasets. For example, the value NMI obtained in the proposed method is 0.1042 more than the
reference [22] and it is 0.1846 more than RCA and it is 0.4 more than ITML and also it is 0.468 more than
DCA on the Bredel-2005 dataset.

Utilizing ensemble clustering methods besides the confidence factor improves the ability of the proposed
algorithm to achieve better results. Also, utilizing the transitive operators as well as the selection of random
subspaces of unequal sizes play an important role in achieving better performance for the proposed algorithm.
Using the p-Laplacian spectral clustering method produces a better, more balanced, and normal volume of
clusters compared to the standard spectral clustering. Another effective approach to the performance of the
proposed method is to use search operators to find the best subspace, which leads to better results.

Keywords: Clustering, Subspace Learning, Ensemble Learning, Semi-supervised Learning, Pairwise
Constraints
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(Table-1): Specifications of the real-world cancer datasets, where n is the number
of data samples, m is the number of features, and k is the number of clusters.

k m n PRy odlsds gazno
¥ f.a7 7Y D1 Alizadeh-2000-v3(0)
Y yiaf Yy D2 Armstrong-2002-v2
Y AR O D3 Bredel-2005
Y AD A D4 Chen-2002
Y VAY Vo fF D5 Chowdary-2006
\s \YeY \g D6 Dyrskjot-2003
¥ AN 44 D7 Garber-2001
Y YAYY Yy D8 Golab-1999-v2
¥ V-£9 AY D9 Khan-2001
Y \EY O 74 D10 Lapointe-2004-v1
¥ YYagz VY- D11 Lapointe-2004-v2
¥ \YYY O D12 Nutt-2003-v1
I R4 £y D13 Pomeroy-2002-v2
'Y \YPY 4. D14 Ramaswamy-2001
¥ A £y D15 Risinger-2003
Y Yya VY D16 Singh-2002
\e AN VY¥ D17 Su-2001
N Yyyo Vo F D18 Tomlins-2006-v1
¥ \YAA ay D19 Tomlins-2006-v2
Y ARRYA fa D20 West-2001
e Arstrang-2002-v3(o] = Bredel 2005 —e—ihan2001 e Lapointe- 20042
A hOWay 2006 —amGalab1999%2  =8=Singh 2002 —a—est 2001

NMI

20 40 60 80 100 120 140 160 180 200

the number of pairwise constrait

g dgume g wolise olawy il (Y- i)
(Figure-2): The effect of the different number of pairwise constraints U, '

B8 by ) 5yl 1F-Y Jl


http://dx.doi.org/10.61186/jsdp.20.1.39
http://jsdp.rcisp.ac.ir/article-1-1198-fa.html

[ Downloaded from jsdp.rcisp.ac.ir on 2026-02-05 ]

[ DOI: 10.61186/jsdp.20.1.39]

YU Slasl s 580313 hrs Gipsaes P wdpy b 89,5 sanaiss

g

O09) Cewd A sl anie g il o Slee o b
2 boplply oed pll asdlas G iy ils
Voo JBlas 1) lacasgame zg) olaas 0g5 slaiols;]
alls anie o Slee o Jols SO U 0y S o0yl )0

SSolai lalad s j olaws SG-Y-F

2 ola lalady; slass 586 wyn lp
L soledig slapialesl (soleiing (bsy ,8kee 9,
2 YO U O 5l (lalad g sloxs) B ezl Sglase olass
PRV ul}w‘ ébl..a) )3.‘44.1 as oo‘odsﬁ.o..?bo )LP S99y
o bl
slass ol 38l auiS e odmline (V) USG ,0 aSa5e5 les
—aigs 5 Skes (59, Suie U dolas slalad g
el opl Job BB 8355 s NMI jlade apaz95b (sas
sde 4 B jlaie a5 Jloj dwesloacgeres iy o oS
oty By 0hes )3 Glaiz i o0 T
Soa Sl A cwl gme cpay ol el i ol

l&;"»:bg».w T9) woldo dluxy ).ui:—\—f
» Lm&.iajm z9) Dglae ol )i.,b ") J&
Oty 8315 dsgozme A (53, 1 (s3leitian P9, O, Shes
- o L oo lid NMI iomes (Lo 51 oolal b
(V) USS 50 eadiools jioled NMI jlss ol slo
OB L yls U] a5 aigS Glas a5 wiS oo ol
5 lerin by, 2L decusgame g olaws
Khan- oslsacgesxs 1o (Jlo olgicas tail co (il
Voo B Ye 5l lacosgame zg; olaas a5 sBy 2001
moo ol /AL 7 Sl S NMI lade wuly o (o33
NMI jlace West-2001 oolodacgomme ;0 o yuizmon b
a5 aes oo sl opl il oo GilEl < IVE 4 YY)l
1l ol laladgaome o) slawi 4 golerinn (Bs)

e L 51590 9 Sl gilaie (5 S A Sy oS
0092 oy 50 Sline & laludgazme o) yiden olaws
wiyo3)l o Slee Sgp w4 i ol
£55 S ol S5 8
Oty QM SeS 4 (Jseme jebar bacgsgase
O0y9 Cawd A (gl el g A:I.TGA S o lwlil IS

@ )0 dighige Jemde 3 Vb due uils ol

=—r==Tomlins ==g==pomeroy ==@=lapointe === chowdary

! |
09
08 _________-———-—"—‘
=
0.7
Z
06
—
05
0.4
5 10 20 25

THE NUMBER OF RANDOM SUBSPACE B

bl slalad yj olaxi pili (F- Jsi)
(Figure-3): The effect of the number of random subspaces

80 orly ) 5, VF-Y Il

Sy Tomlins-2006-V1 colsacgaze ,o (Jlo ylgicay
lg ).g‘).g OMTMDQ NMI )‘di,c ol O J.g‘).g B )‘qu as
- oo el oS b lom B lake il by sl VY


http://dx.doi.org/10.61186/jsdp.20.1.39
http://jsdp.rcisp.ac.ir/article-1-1198-fa.html

[ Downloaded from jsdp.rcisp.ac.ir on 2026-02-05 ]

[ DOI: 10.61186/jsdp.20.1.39]

P9y & Smd 53ty Bl (ganale> by, o Shee
ARI iz Las 1 oolaiul b [22] a2 o 4o oaisasl)]
dolis 5 gwyp bcasl ol ools las (V) Jeuo o
ovgy ARl ioviw [l 4.,4.>9.;L: codelawsdy s
o9y 5l eolsacgasme Yo 5l oolodcgeze VY jo (golpiiy
ool Bls 6y 9 Shee g a8F iy [22] a2y
Llade Pomeroy-2002-v2 oolosacgozo jo o Jlie lgreds
S i YOV Gl 4y cgoloiing b9, ly ARI
Lol odel Cuws 4 [22] &> e g,

Jlaae Khan-2001 sols acgomxe ;o0 )0 Jls ylaicas
P9y 3 i [PV lie 4 eoleiin b9, AR
el [22] 22 5o

S Sdes wsoleiiiny (g dlie 5 @l e Julos sl
L @) U5 )9 [22] ez b9y 5 sl b5
S Ioged il 00l gy Slaa Jloges 5l eolanul
SISl 5 @y Dt dpogi ly 650505
SSn 5 685 el iz bl n eesls
- Sy amlie gl Ol Joged nl el g ]
Oy slooslsdcgaze (g9, » Al by, Wiz sl
5 il Glojes st

Slade SO Ve sus (g9, lad g olowd pudaid ool b

(oL Sl 5 algi 5 =Tt
Golas slalan; g gy ke b (HUSS
15 @olpiiy Ui, s oo lis |y NMI luie aazsily
sroslsacgame wiile ¢ Glb s sosldacgomme yicy
5 Khan-2001 Bredel-2005 Armstrong-2002-v3(0)
olas glalasy; odsi #5545 e (Singh-2002
Sase 3l E 0 Blaul bgojlo ) o Slee (1 g ol /0
S S foS ol mls (isucold) i /0
aei Fp ol oSl ol sl LYl
9 yloadgs slaosls diges oloul cacly ¢ Bolas slalad g
Ohey Ofkee n &5 3ghioe LaBn; o sy W)

.a)lﬁxfsa s )..,L wolorins

& 9y b eolisdny gy dmmlio-F-¥

[22]
L oleiin by, Al g Joloo 4 Gise pj 0pl )0
= el wlie ganadss sla by, 5l (S

e ASTrONG-2002-v3(0) ==dr=Bredel-2005 == Khan-2001 == apointe-2004-v2
e NULL-2003-v1 =¥=Golab-1999-v2 e Singh-2002 == Risinger-2003
1
:\—._;
09 A— <>
B —
—_ —t— 4
08

4 *
0.6
B—
05
0.4
0.5 0.6 0.8 0.9

THE SAMPLING RATE FOR THE RANDOM SUBSPACE

olad sl adgi &5 (P s
(Figure-4): The effect of the production rate of random subspaces

B8 by ) 5yl 1F-Y Jl


http://dx.doi.org/10.61186/jsdp.20.1.39
http://jsdp.rcisp.ac.ir/article-1-1198-fa.html

[ Downloaded from jsdp.rcisp.ac.ir on 2026-02-05 ]

[ DOI: 10.61186/jsdp.20.1.39]

YU Slasl s 580313 hrs Gipsaes P wdpy b 89,5 sanaiss

ARI jlro 3l ool b [22] a2 po () b (soliins (559 0 ySbos duns lio (Y- Jgur)
(Table-2): The performance of our proposed method in comparison
to the reference [22] using ARI criterion

D10 D9 D8 D7 D6 D5

D4 D3 D2 D1 oolddc gasxa

SAARN SUAYA I S ERVA R S AR IERVA'AAL & W IR VR AIARRE

<[AAA | SIAYOD | </AFAY | -/90VY oleiin (B9,

< [FYYN </AAYY | -/2-YY IYYYY | Voo <[AAYD

&EZ 0 %9
SNEYS | oJAYAY | -/AYYY | -/aA0Y [22]

D20 D19 D18 D17 D16 D15

D14 D13 D12 D11 oolsde gora

+/af14 «/h+44 “IYYA- < [AAYY «IAYAA +/24Y¥ SIYAYY <1AY\D «/38+) «[FYYA SO )
&ET P9
«[a047 NN IAYA «JAYYY «/YAYY¥ AYEAY ARRAS < IANOA +/34Y- INAS [22]

1.2
Dla (i
1
0.8
o
% 0.6
0.4 1
0.2 528
0
b dleiin Ay

e (G yidn
Lo i
Dlie (p yieS
i
[22] &> e 50
214l

AR jlans 5 03liiasl U [YY] & 50 (95 b (soleciion 509 B lin slannsr (5o 103 (8 - JSid)
(Figure-5): Box plot comparison of the proposed method with reference [22] using ARI criterion

NB [22] gz o hsy damgie jladie 51 5VL (goleiiny
P9y Sl xSl SuSTn (ries Sl a8
S5 ol der el gy ol i ol
FYs 1Sl [22] az e by, ae gl
Cadgn anyl Ol Wl «laie LiglEl oyl Loz
5 SJolie gunadys el a5 all p- LY o

g oo dinge lalad 5 ol

B0 by ) 6l VF-Y Jluo

Jhogsse (Shy gh LD gl lajloges
ppeS Jolis yolae oyl s oo lid 1) Woslsac gaze
5 ey pler S Thwste Tl piler Sl
Slaa> Jloges 5l aS sblen Canl @ lade i
Shey o hwgte e el atie (0) SO

' minimum score

" first (lower) quartile
" median

" third (upper) quartile
® maximum score


http://dx.doi.org/10.61186/jsdp.20.1.39
http://jsdp.rcisp.ac.ir/article-1-1198-fa.html

[ Downloaded from jsdp.rcisp.ac.ir on 2026-02-05 ]

[ DOI: 10.61186/jsdp.20.1.39]

Sy 1y olas el slalad ) 5l sowliwsd
5,Skes dgup el opl a5 S o plesl S5 Ao

Ll S5 e (650 (sla by, A Cond GanabyS

&5 4t -0

Slae 32 (29,5 Gadsd oz lr Sl cpl o
el b laools (sanasiys sl P odlY soaiiys
Caimddior> slo,Sig, b dulie jo o olpaies YU
wiz wlie cnl olerin Uy, e (5liaes
Sl soliiny gy 5l el 5SSl e (S
Jaml slocusgame i slod l colain! o3
iz Jlasl g 6,315 cesls Gl Jaenls g
(oolpiion Ghey 50 (pmizred 0,5 oolaiul L:a&éosm
slad ny olass adgr sl eolatnl b 29,5 (sasnalie>
sleJzoly, a5 oy ol 4wl gilwesly olas
“abss Ty 5 60,8 e |y loanadys jl olas e
S @ eadaes Sledbl 5l eslaial b 1, oles son
STy i sLad s 5l Jols az LSy (l wnalds>
o,5

—abgS by sl soleing gy o Sdes il o
A oolaiul Sllas 5l Caand o g0 P Y g0
3 e e o il 3 sase (sloialegl ool 1 o
laobl jeS1E S L (o295 sunade> slalts,
L e @l & pliws @lp @olein o)l Iy
63515 o Sas 5l oolital (rizren aidu o0 Sont
oote sl pl 83105l b Bolai slalas 5 Slssl
@olodn 00,05 lp e 0Sdes 4 Sl o
K VPPN SO | P P PR B VI PR
oz gz gloSles 5l eolinul (golerin L,
e @l 4 plites Sl o5 09 Ladn ) (n e Bl
L slooslsasgamo b agzlse )3 goloiinn oo ys8l 0l
e Bbey o iaid iy 51 (ol 1YL sy ol
Ganade> by, 5l SxSone ol 0 9 05 Joo
Shrmb 5 Folaie g i e ¢ P LY b
2,5 adei ads o laslin] diged b auglie ;o baades
T9) =Sl Ol & Cwl S5 B oL e
Olge 1y Sl slacasguze Bi> 3550 5 agsgass
A5 ol ey lacusgams Sl (S lsiea

=

b5

3 goland b golesiiny b9y mlio —0-F
S abold SO o 50l ooy,
SR al g
S8l alols Sojte 550l slagds, oSkl |
ol oo el el )-'-’l* Ganabs> sla s,
G5l Ghsy i bl eolerin Ghsy )
S 553 (sl g, oS on sl aloli o
sloadlse Ll 5 ayjod gy 5l o le anylies)ge
Slodbl S sl g, f29] (RCA) Las y
sleadie Ll g a2 s, {30] (TMLY )k
oaisdil)] g, ol ¢ pizan [31] (DCA) TouisS jres
Aloals &)l aslin g gwyp slp 3 [22] a2 ye o
2l banmlie jo golerin by @t (V) Jgoz
5 polie cp e 20 o isled |y oal S8 sla g,
Sogods Sl (e eesd 9 Syn o b oz
Wlods aseie as 5
OP9y S (ee edalie (V) o> )3 &5 jsbilea
wolddcgozmo Yool oolodcgae VY 0 (colpiiny
oadanglie slo by, plo b awlie o 1) @l (o
5l eolodcgamme b 40 pimed el 08,5] s @
G 1) 4l e degerme (megd odlddcgers T
Bredel- oolsacgezme ,o ( Jlio lgreas sl 00,91 o
NEY eolgiins by, 40 sdwlcwssas laie 2005
S RCA 3l ity -IVAYS sio g [22] azrpe 5l 2o
EEA ke oeizen o ITML j it -/f o
Garber- oolsacgasa ;o o pizrad .owl DCA 5l iy
SINVAA eolprinn by, 40 sdwlcwwsas lais 2001
3 RCA I jiaS +[-Y50 Jloie g [22] azpo 3l yiden
ke izen 5 ITML 5l zi /YA\S e
lalo Jlsges «(§) JSb Zasl DCA 3l sy +/FY-Y
G0l slaghyy ple boooleriny by, amlie
O i BYo 5l (SGaes e las |y alols S e
S oslinl Wilgs oo goleiin by, 5l Jol> slacls>
made> auile Wools Jdow g ayjo jo audl elS glas
plsl (Lol slad 5l 5 ads Byl (B 15 el gy
Wb ggdge (nl Wlgioe S Jdo (mizen 5 09b o
Sl i ks soliin b,

! Relevant Component Analysis
2 Information Theoretic Metric Learning
3 Discriminative Component Analysis

B8 by ) 5yl 1F-Y Jl


http://dx.doi.org/10.61186/jsdp.20.1.39
http://jsdp.rcisp.ac.ir/article-1-1198-fa.html

[ Downloaded from jsdp.rcisp.ac.ir on 2026-02-05 ]

[ DOI: 10.61186/jsdp.20.1.39]

4
3
3
Y
2
y
3.
;)
)
3
L
X
3
3
E
3,.

12

1
0.8 I ﬂ

04

02

0 i dl L il i I dl i
p1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12 D13 D14 D15 D16 D17 D18 D19 D20

mlosdady fy) m2145 mRCA =ML mDCA

aold G o 0l slabgy b b goleiiay (g A lio labo Hl3ges :(F- )
(Figure-6): Histogram diagram comparison of the proposed method with
other distance metric learning methods

NMI G jlaze 1 osliiunl b (gaivaiss (hgy Wiz b dunsliio )3 g3lediudun (95 9 Sos (Y- Jgur)

(Table 3): Performance of our proposed method compared to several clustering
methods using NMI measurement criteria
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